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1 Complex Numbers as Vectors

A complex number z = a + ib can be mapped to a vector (‘Z) in the Cartesian plane R?.

Standard notation. The real part is a = Re(z) and the imaginary part b = Im(z). The complex plane
C is R? equipped with specific rules for addition and multiplication: the real line R is identified with
vectors (8) on the z-axis, while purely imaginary numbers lie along the y-axis.

Addition behaves exactly like standard vector addition: (a + ib) 4+ (¢ +id) = (a + ¢) + (b + d), i.e.
(5) + (2) = (L)-
Multiplication is defined algebraically as (a + ib)(c + id) = (ac — bd) + i(ad + be), i.e.

o) ()= (). oo (3)-6)= ()

2 Absolute Value and Conjugate

The Complex Conjugate

For z = a + ib, the complex conjugate is z := a — ib, the reflection with respect to the real line.

Component formulas

Example (line equation). A line ax + by = c (real notation, a’? + b®> # 0) becomes, substituting

z+z d z—Z
xr = and y =
2 T
z+2+b z—z . a—1ib +a+ib_
a- : =c ie. z zZ=c.
2 27 ’ 2 2
—ib b
Writing p = a 5 (so u#0and pp = %), every line in C takes the compact form
wz + pz = c, uw#0, ceR.
Basic properties. z =z, 2 + w = z + w, zw = zw, and (for w # 0) z/w = Z/w.
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Absolute Value (Modulus)

]z|2 =22 +y% = (x+iy)(z —iy) = 22 = |2|2. |z| is the distance from z to 0.

Properties

Multiplicative: |zw| = |z||w|. Proof: |zw|? = zwzw = zwzw = 2z ww = |z|?|w|?.

Triangle inequality: |z+w| < |z|+|w|. Proof: |z+w|? = (z4+w)(z + w) = |22 +|w|*+ 20+ zw =
|22 + |w|? + 2Re(zw). Since Re(zw) < |zw| = |z||w]|, this is < |2]2 + |w|? + 2|2||w| = (2] + |w])?.

Scalar product

Let z1 = a1 + b1, 29 = ag + ibs. Then we have the following complex expression for the scalar product
“ , a2 =aias + biby = Re(zlfg).
b1 bo

Set Notation

Open ball: B(z,6) := {w: |z —w| < §}. Closed ball: B(z,6) := {w: |z — w| < 6}.

3 Complex Numbers Form a Field
Here 21, 29, z3 denote arbitrary elements of C.

(P1) Associative addition: z1 + (22 + 23) = (21 + 22) + 23.

(P2) Additive identity: z; +0 =0+ 21 = 2;.

(P3) Additive inverses: 21 + (—21) = (—21) + 21 = 0.

(P4) Commutative addition: z; + 23 = 29 + 21.

(P5) Associative multiplication: 21 - (22 - z3) = (21 - 22) - 23.
(P6) Multiplicative identity: z1 -1 =121 = 21, provided 1 # 0.
(P7) Multiplicative inverses: z; - zfl = zfl -z1 =1 for z; # 0.
(P8) Commutative multiplication: zj - zo = 29 - 2.

(P9) Distributive law: 21 - (22 + 23) = 21 - 22 + 21 - 23.

z

1 =
Division rules. — = EE (equivalently, 2z = |2]?), and w_ v
z |z z

R
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4 Matrix Form of a Complex Number

For a fixed z = a + ib, multiplying by w = z + iy is a linear transformation M W := zw:

ax — by a —=b
M, = .
( ) (bm + ay) (b a )
Matrix addition: M,, + M,, = ( ) <Zz —al;2> _ (Ziizj —C(lllnjal;z)) = M. sy
. e e . I K1 —b as —by _ [a1a2 — b1ba —(a2b1 + (Ile) .
Matrix multiplication: M, - M,, = (bl @ ) <b2 a0 ) = <a2b1 "+ arby a1 — biby =

M, -

Theorem (field isomorphism)

b
bijection preserving both addition and multiplication.

Let M := {(a _ab> ta,b € R}. The map ¢ : C - M, z — M., is a field isomorphism — a

Proof. The entries of M, recover a = Re(z) and b = Im(z), so ¢ is injective; it is surjective onto M
by definition of M. Hence ¢ is a bijection. Additivity ¢(z1 + 22) = ¢(21) + ¢(22) and multiplicativity

d(z122) = P(21)0(22) are exactly the matrix identities M,, + M,, = M, 4., and M,, - M,, = M,,,,
established above. O
The conjugate matrix. M! = (_ab Z) = Ms5.
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